Abstract. For N ≥ 3, we show Tate's conjecture for the elliptic modular surface E(N) of level N over F p for a prime p satisfying p ≡ 1 mod N outside of a set of primes of density zero. We also prove a strong form of Tate's conjecture for E(N) over any finite field of characteristic p prime to N under the assumption that the formal Brauer group of E(N) is of finite height.
Introduction
In this paper we study cohomology classes of divisors on the elliptic modular surface E(N) of level N, where N ≥ 3. By definition, E(N) is the universal object over the moduli space X(N) of generalized elliptic curves with level N structure. Fix a prime p which does not divide N. Our first result is the following theorem, which goes back to Shioda [18, Appendix] for N = 4.
Theorem 1 (Corollary 7). Assume the partial semi-simplicity conjecture (PS) is true for E(N) F p . If p ≡ 1 mod N, then Tate's conjecture holds for each connected component of E(N) F p . Moreover, the Mordell-Weil group of a generic fibre of E(N) F p → X(N) F p is isomorphic to (Z/N)
2 .
The partial semi-simplicity conjecture for a smooth projective surface S over a finite field k is the following statement: if q = #k, then (S /W(k)) ⊗ Q is the second crystalline cohomology group of S and F q is the q-power Frobenius endomorphism. It is a consequence of Tate's conjecture. For E(N) F p , it is related to estimates for the absolute value of the Fourier coefficients of normalized newforms of weight 3, see [3] . Such estimates can be shown to hold if the field of coefficients of the newform is totally real, or for CM forms, but the general case is unknown. In any case, we can show that it holds for all primes p outside of a set of density zero, viz.
Corollary 1 (Corollary 8). The conclusion of Theorem 1 holds for all p ≡ 1 mod N outside of a set of primes of density zero.
For arbitrary p, we can also show Tate's conjecture under a completely different assumption, namely that the formal Brauer group of E(N) F p is a formal Lie group of finite height. In fact, writing
where A[m] ⊂ A is the subgroup of m-torsion (m ∈ Z) for any abelian group A, we have
Theorem 2 (Corollary 14). If the formal Brauer group of a connected component of E(N)F p has finite height, then T p
Br(E(N)F p ) = 0.
A general result
We assume familiarity with Fontaine's basic theory [8, 9, 4 ].
Autodual crystalline representations.
Let V be a p-adic representation of G K 0 . We say that V is autodual if it is isomorphic to its dual, i.e. it has a non-degenerate bilinear form
which is a homomorphism of G K 0 -modules. Proof. The bilinear form on V induces a non-degenerate bilinear form · on D. Endow D ϕ=1 with the induced filtration from D. Since V is crystalline we have
Proposition 1. Let V be an autodual crystalline representation of G K
where K 0 has the trivial filtration, i.e.
is equivalent to the condition j + i = 0. Hence j = −i > 0, and there is an element y ∈ F 1 D such that x · y 0. Now, up to dividing y by x · y we may assume that
So P(2) = 0 and we deduce that P(t) = (t − 2) e Q(t) for some e ∈ N and some polynomial Q(t) not divisible by t − 2. Let z := Q(T )y. Note that x · z = (x · y)Q(2) 0. Multiplying the equation (T − 2) e z = 0 by ϕ e we find (ϕ − 1)
, and this completes the proof.
Remark. The above argument no longer works if one replaces ϕ by a power ϕ r . The problem is related to the fact that, unlike the case r = 1, for r > 1 we may have F 1 B ϕ r =1 cris 0.
1.2. Application to surfaces. Let E → Spec(W) be a smooth projective morphism with geometrically connected fibres of dimension 2. Let K ur 0 be the maximal unramified extension of K 0 inK. The Kummer sequence gives an exact sequence of
where NS := Pic / Pic 0 is the Néron-Severi group. By p-adic Hodge theory, applying the functor D cris we get an exact sequence 
, and
and we have a commutative diagram
where c 1 is the first Chern class. In fact, c 1 is injective since
we deduce an exact sequence of ϕ-modules
Proof. By Poincaré duality, cup product is non-degenerate on H 
Proof. Tate's conjecture is well-known to be equivalent to the statement C ϕ=1 = 0 ( [14] ). For the second statement, note that we have an exact sequence
Elliptic modular surfaces
We fix throughout an integer N and a prime number p which does not divide N. 
, where ζ N is a primitive Nth root of unity. See [6] for details. We denote the universal generalized elliptic curve by
is the elliptic modular surface of level N studied in [18] . That it is smooth over Z[1/N] follows from the results of [6, VII].
Application of Hodge theory. Assume ζ N ∈ W (note that this is always possible if
Let L be the conormal sheaf of the zero section of g : E → X, and let ω = Ω 1 X (log Σ) denote the line bundle of differential forms on X with logarithmic poles along Σ.
Theorem 4 (Faltings). There are G K 0 -equivariant isomorphisms
Proof. This is a special case of the p-adic Eichler-Shimura isomorphism of [7] .
Let I ⊂ G K 0 be the inertia group.
) is a Hodge-Tate representation with weights ±1. In particular, Proof. Since YK is an affine curve, the Leray spectral sequence
gives an exact sequence
In fact we must have equality since the class e of the zero section of g cannot be trivial. So e gives a splitting of the sequence, proving (i). For (ii) it suffices to note that the kernel of the map )) is generated by the classes of the components of the fibres over the cusps.
Note that combined with the Shioda-Tate formula ([18, 1.5]) this implies that the rank of the Mordell-Weil group of the generic fibre of g is zero, a result of Shioda [18, 5.1] . 
. By the classical Eichler-Shimura isomorphism (cf. Theorem 4), V is a weight 0 Hodge structure of type
is the disjoint union of the singular fibres of g, and we have an exact sequence in singular cohomology
We also have a commutative diagram
which the left vertical map is surjective, hence the right vertical map is injective and we deduce an exact sequence
(E(C), Z (1)) is a Hodge structure of weight 2 and therefore the map
Now by the Eichler-Shimura isomorphism we have dim 
Remark. Shioda [18] shows that H 1 (E, Ω 
It is smooth away from p and has semi-stable reduction at p. Consider the two canonical morphisms
One can show that each q i is finite and flat. The universal object over X(N, p) is a p-isogeny
is the universal curve. By definition (cf. [5, 3.18] ), the Hecke correspondence T p on E is the correspondence
. Now the Eichler-Shimura relation states that
where F is the Frobenius, t F is its transpose as a correspondence, and I p is the morphism of X(N) defined I p (E, α) := (E, pα). This can be proven in the same way as [5, 4.8] , and we sketch the proof.
We 
For the general case, first recall that the open immersion Y(N)
which identifies the domain with the disjoint union of the irreducible components of the target [6, V, §1], hence is surjective. By the above this gives a surjective morphism
has at most two irreducible components. Its irreducible components are therefore the transpose of the graph of F and the graph of FI −1 p (note that these are irreducible since E k is). This proves the Eichler-Shimura relation. Now since p ≡ 1 mod N, I p is the identity map and we obtain the relation
Since we have pϕ = F and
Note that since q * 1 E is flat over W, so is Z. The correspondence T p acts as pr 2, * •c Z • pr * 1 , where c Z is the cup product with the characteristic class of Z, and pr i : E × W E → E are the projections. Therefore, to complete the proof it remains only to notice that the canonical isomorphism
is compatible with taking characteristic classes of closed subschemes of E × W E which are flat over W. Indeed, the isomorphism is compatible with Chern classes of line bundles, hence also (by the splitting principle) with Chern classes of vector bundles, and the structure sheaf of a closed subscheme of E × W E has a finite resolution by vector bundles which, if flat over W, reduces to give a resolution on E k × k E k .
As a corollary we obtain Theorem 1. 
Corollary 7. If k = F p and p ≡ 1 mod N, then under hypothesis (PS) we have (i) Tate's conjecture holds for E k (ii) NS (EK)
G K 0 ⊗ Q = NS (E¯k) G K 0 ⊗ Q (iii) the
Validity of (PS).
We can show that (PS) holds for all primes outside of a set of density zero. For the sake of brevity we only sketch the argument. Let 
for some fixed n. This is immediate if f i has CM: in this case ϕ 2 acts as a diagonal matrix [15] . If f i does not have CM and (PS) does not hold, then the minimal polynomial of ϕ n is (t − 1) 2 , so both eigenvalues of ϕ n are equal to 1. Since the trace of ϕ is equal to a p p , where a p is the pth coefficient of f i , this implies that a p = (ζ + ζ ′ )p for some nth roots of unity ζ, ζ ′ . By [17] , this can only happen for a set of primes of density zero (dependent on the choice of n). For given N and K 0 we can take n such that p n = #k.
Corollary 8. For k = F p and p ≡ 1 mod N, the conclusion of Corollary 7 holds outside of a set of primes of density zero.
The finite height case
Let W ⊂ V be a finite extension of discrete valuation rings, k V (resp. K) the residue (resp. fraction) field of V, and set T := Spec(V). 
Theorem 6 (Artin-Mazur). If Φ i−1 is a formally smooth functor and H
is surjective on p-primary torsion components, where the direct limit is taken over all finite extensions of discrete valuation rings V ⊂ V ′ contained inV.
Proof. It suffices to show that ρ is surjective and ker(ρ) is a p-divisible abelian group. To this end, consider the exact sequence of étale sheaves on
Note that since V ′ is a henselian discrete valuation ring with finite residue field for any torsion étale sheaf
′ ⊂ V be the maximal unramified extension. From the Leray spectral sequence for the Galois covering V ′ ⊂ V we get an exact sequence
is nilpotent, the sheaf G m has a finite filtration with quotients isomorphic to O X k V ′ , and this implies that
is finite for all i. So taking the inverse limit in the exact sequence we obtain an exact sequence
Now assume the following:
This implies that
is a p-divisible abelian group: by the above we have a surjective map
whose kernel is p-divisible by (D), and by [20, Cor. to Prop. 4] Φ 2 (V) is a p-divisible abelian group. Taking cohomology in the exact sequence (2) we get an exact sequence
(the exactness on the right follows from dim
is finite taking limits we get an exact sequence
and this implies the result.
So it suffices to show (D). We claim that M := lim
the stabilizer of every element is open in G k V ′ ). Indeed, taking cohomology in (2) we get an exact sequence
whence an exact sequence
Now, denoting by X V the formal completion of X V along its special fibre over Spec(V), we have
so it clearly suffices to show that Pic( X V ) ⊗ Z/p is a discrete G k V ′ -module. But taking cohomology in the exact sequence on
we get an exact sequence
and one sees easily (cf. §3.2) that the (usual) logarithm induces an isomorphism log :
and the claim follows from this. Finally, note that since Φ 1 is formally smooth by assumption, the maps 
Since direct limits commute with tensor product we get
which proves (D). 
in which case we have equality since the reverse inequality always holds. Now let Y → T be a smooth projective curve, and let g : X → Y be an elliptic fibration, i.e. g is a projective morphism with a section whose geometric fibres are connected of dimension 1 and whose generic fibre in each fibre over T is smooth of genus 1. Assume further that X t is a non-isotrivial smooth elliptic surface for all t ∈ T (in particular X is smooth over T ). Then the map
is an isomorphism for all t ∈ T ([16, th. 6.12]). In particular, the map 
3.2.
Relationship between Br(XV) and Br(X¯k). For a scheme S write S n := S ⊗ Z/p n . Let f : X → T be a proper smooth morphism with geometrically connected fibres, and letX := lim − − →n X n be the p-adic completion of X. In the sequel let j : X K ⊂ X and i : X 1 ⊂ X be the inclusions. Then we have exact sequences of étale sheaves on
where, for a morphism g of schemes, g * always denotes the inverse image functor and not module pullback. is exact. Now let {F n } ⊂ {I n } with {I n } an injective inverse system of sheaves of abelian groups, and consider the exact sequence 0 → F n → I n → G n → 0 where G n = I n /F n . Since for any étale U → X 1 with U affine we have H 1 (U, F n ) = 0, it follows that G n (U) = I n (U)/F n (U). In particular, the sequence 
